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We present Monte Carlo simulations on a new class of lattice models in which the degrees of
freedom are elements of an abelian or non-abelian finite symmetry group G, placed on directed
edges of a two-dimensional lattice. The plaquette group product is constrained to be the group
identity. In contrast to discrete gauge models (but similar to past work on height models) only
elements of symmetry-related subsets S ∈ G are allowed on edges. These models have topological
sectors labeled by group products along topologically non-trivial loops. Measurement of relative
sector probabilities and the distribution of distance between defect pairs are done to characterize
the types of order (topological or quasi-LRO) exhibited by these models. We present particular
models in which fully local non-abelian constraints lead to global topological liquid properties.
Introduction: Ever since Wen first proposed that
“Topological Order” be considered as a means of classify-
ing chiral spin states in superconductors [1], applications
of this “post-Landau” paradigm have caused great excite-
ment in applications to quantum systems—the integer [2]
and fractional [3] quantum Hall effect, spin liquids[4–7],
and topological quantum computation [8].
Most other physical phenomena, such as critical phe-
nomena, were understood classically prior to being real-
ized in quantum mechanics. The question arises whether
there is a useful notion of topological order in a classical
setting. Let us define a generalized topological order in a
classical ensemble by the existence of sectors of (energet-
ically or entropically) degenerate states, disconnected in
the thermodynamic limit, which cannot be distinguished
by any local order parameter. One can realize this sort of
order in classical models where the inaccessibility is built
in by hand, or in a limit where inter-sector transitions
are suppressed by an activation energy much larger than
the temperature [9, 10]. The motivation for such models
is that first, by sharing many features with the quan-
tum models, they provide an arena to do calculations
that would not be feasible in the quantum case; secondly,
such a classical ensemble can furnish the Hilbert space for
contructing a quantum model with the same topological
order (e.g. the classical Z2 topological order in dimer
coverings on triangular lattices [11]).
As a particular instance of classical topological order-
ing, one of us has proposed [10] a new family of mod-
els which we call “generalized height models” which are
based on an abelian or non-abelian discrete group in the
same way that lattice “height” models [12–16] are based
on the integers. These models share many properties
of their quantum analogues, including massively degen-
erate ground states, topological defect charges, and the
possibility in non-abelian cases of combining two defect
charges in more than one way (called “fusion channels”
in the quantum context). In this paper we present sim-
ulation results from these models, focused primarily on
two measurements which characterize whether a given
model is topologically ordered: the relative probabilities
of being each sector, and the distribution of separations
between a pair of topological defects.
Simulations of the Model: Generalized height models
can be thought of as lying between (i) “height mod-
els” [12–16], in which directed edges are labeled by the
differences between integer-valued heights) on sites; and
(ii) lattice gauge models [17] based on a finite group, in
which any group element (which we shall call a “spin”)
may be assigned to each (directed) lattice edge.
Given a discrete group G, we define a particular gener-
alized height model as the (massively degenerate) ensem-
ble of all configurations satisfying two local constraints.
First, the plaquette constraint∏
i∈Plaq
σ(ri, ri+1) = e, (C1)
where σ(ri, ri′) is the “spin” placed on the edge between
vertices i and i′, the product runs around the four edges
of a plaquette, and e is the group identity (this generalizes
the constraint in a height model that height differences
add to zero around a plaquette). Wherever constraint
(C1) is violated, that plaquette is said to have a “charge”
defect, with its charge being the plaquette product.
Secondly, in contrast to discrete gauge models (but
like height models), only elements of a chosen symmetry-
related strict subset
S ( G (C2)
are placed on the directed edges of the lattice. The set
S consists of one or sometimes more symmetry classes
of group elements. An example of a generalized height
model can be seen in figure 1.
In discrete gauge models, any group elements is al-
lowed on an edge and therefore the spin-spin correlation
vanishes (e.g. as in the toric code [18]). A general-
ized height model generally has exponentially decaying
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FIG. 1. A sample configuration of our model with group
G = Z2 × Z2 on a square lattice with periodic boundary con-
ditions. The group elements are the identity e and {a, b, c}
with multiplication table a2 = b2 = c2 = e, ab = ba = c, bc =
cb = a, ca = ac = b (this a, b, c notation is used throughout
the paper); edges are occupied by any of {a, b, c}. On all but
two plaquettes (e.g upper-left corner) the product of group
elements along the edges is e. The two plaquettes connected
by a black dashed line are defect plaquettes with opposite
“charges,” on which the plaquette product is not the identity.
We have also shown γx, the plaquette product along one of the
topologically non-trivial loops, which is the first component
of the “sector label” for this configuration.
spin correlations. By changing the size of the allowed
spin subset we can discretely interpolate between totally
free gauge models and quasi-long range ordered states,
as elaborated elsewhere [19].
Constraint (C1) implies the product of “spins” along
any topologically trivial loop in the lattice must be the
identity, but along a topologically non-trivial loop it may
be another group element. Our simulations take place on
the torus, and we adopt the two independent non-trivial
loop products as labels for the disjoint partitions of our
ensemble, hereafter referred to as sectors. In the case of
abelian G, each sector has a uniquely defined label; for
non-abelian groups sectors are defined up to conjugacy
[10]. Local updates cannot take us from one sector to
another, but global updates can.
Our Monte Carlo simulations use a sequence of local
and global update moves (satisfying detailed balance).
The local move is a single-vertex update in which we
multiply all outgoing edges for one vertex by some group
value g ∈ G; this preserves the plaquette and sector prod-
ucts, but must be rejected if any of the resulting “spins”
on the outgoing edges are not in the allowed set S.
Our chosen global move involves creating a defect/anti-
defect pair, randomly walking one of the defects around
the torus, and letting the pair recombine into a new de-
fect (only possible in non-Abelian models) or annihilate.
If a defect walks once around some topologically non-
trivial loop, every transverse loop is crossed once and
has its loop product changed, so that the new configu-
ration resides in a different sector. Such updates, that
change sectors while satisfying detailed balance, allow us
to measure the relative weights of the different sectors
and thereby ascertain whether the ensemble is topologi-
cally ordered.
Constraint (C2) induces non-trivial correlations be-
tween spins in the lattice, and therefore walking defects
may interact with each other through the intermediary
spins. Exponentially decaying probability distributions
of the distance between defect pairs indicate topologi-
cally ordered liquid-like phases with exponentially decay-
ing correlations and deconfined topological defects. Even
though we adopt the ensemble of maximum entropy, it
is possible that the resulting ensemble has more than
topological order [10]: e.g. constraints (C1) and (C2)
together may so constrain the possibilities in each pla-
quette that we get a height model, or we could find an
emergent long-range ordered phase.
We focus on the square lattice with four different
choices of G and S. The group Z5 with S = {±1} is
a model isomorphic to the well-studied six-vertex model
(also known as the ice model [20]). The reproduction
of analytically determined properties of the six-vertex
model by our Z5 model serves as a benchmark for our
simulations, and the quasi-critical behavior of this model
is offered as a counterpoint to the corresponding be-
haviors in topologically ordered models. Those topo-
logically ordered models are constructed with the fol-
lowing choices of group and spin subset: (i) Z2 × Z2
(with S = {a, b, c}) is the smallest locally non-trivial
topologically ordered model, (ii) S3 (with S = S3 \ e)
is the smallest non-Abelian group, and (iii) A5 (with
S = {elements of order 3}) is the smallest non-Abelian
simple group, meaning it has no quotient groups (more
motivation for A5 is in [10]).
In summary, generalized height models offer us two
different “tunable parameters”: the local symmetry of
the model, as defined by the full group G; and the subset
of allowed spins. Each different choice of spin set S can
be thought of as tuning a family of models [19].
Sector Probabilities: The defining property of topolog-
ical order in our models is a degeneracy, in the thermody-
namic limit, of the statistical weights (or equivalently the
total entrpoy) of the different sectors: hence, we need a
means of measuring the relative probabilities of different
sectors in an unconstrained ensemble. This is provided
by the non-local update moves, since a completed de-
fect walk that traverses a topologically non-trivial loop
through our system takes the configuration into a differ-
ent sector while obeying detailed balance.
The relative probability P (Γ) that we would find our-
selves in sector Γ = (γx, γy) after a defect walk then is
proportional to the relative number of configurations in
a sector. A critical state will have P (Γ) converging to
different values for different Γ. In contrast, in topologi-
2
cally ordered models the probability of being in a sector
Γ at a lattice length L to depend on the class, and for
those probabilities to decay to each other as a function
of lattice size, i.e.
P (Γ, L) = P∞(Γ) + ηLP0(Γ) exp (−L/`(Γ)) , (1)
where η = ±1 depending on the model.
We start with the benchmark six-vertex model: the
number of configurations per sector Γ = (γx, γy) [21] in
the six-vertex model can be calculated analytically [22]:
P (Γ, L) ∝ exp
(
−κ
2
(
γx
2 + γy
2
))
, κ =
pi
6
. (2)
Note that for integer height models such as this P (Γ, L)
is not dependent on the lattice edge size L [23]. The
constancy as a function of L can be seen in figure 2,
and the dependence on the sector Γ in the inset of that
figure. Our simulations produced a value of κ = 0.523(1),
in agreement with κ = pi/6
FIG. 2. Foreground : Sector probabilities for the model
S3(2, 3) (solid lines) and Z5 (dashed lines). The sector la-
bels (γx, γy) in the inset are integers in Z labeling the same
configurations considered as a 6-vertex model. For both mod-
els, all sectors (originally defined only up to conjugacy) have
been further grouped by symmetry (x-y symmetry for the or-
dering of pairs, or any group isomorphism symmetries). Inset
(log-linear): The exponential scaling of sector probabilities
for Z5.
In figure 2 the probability of being in any sector for
the model S3(2, 3) converges to a shared constant value
at large lattice size L, indicating topological order. At
short lattice lengths sector probabilities behave differ-
ently up to the type of group element (i.e. the orders
of the elements labeled in the figure; (2, e), (2, 2), and
(2, 3) all have different behaviors). Fit values for many
sectors for the topologically ordered models are compiled
in table I.
Γ P0(Γ) `(Γ) Γ P0(Γ) `(Γ)
G = Z2 × Z2,S = G \ e G = A5,S = Order 2 elem.
(e, e) .3138(8) 1.9290(2) (e, e) .184(5) 1.63(2)
(a, e) .0431(1) 2.749(4) (e, 2) .0233(6) 1.96(2)
(a, a) .01679(9) 4.45(2) (e, 3) .0109(2) 2.44(3)
(a, a′) .1209(4) 1.835(3) (e, 51) .0022(8) 3.0(5)
G = S3,S = G \ e (e, 52) .002(1) 3.1(9)
(e, e) .45(2) 0.838(7) (2, 2) .048(3) 1.06(2)
(2, e) .061(7) 0.95(3) (3, 3) .0122(5) 1.49(2)
(3, e) .053(3) 0.96(1) (51, 51) .0131(3) 2.20(3)
(2, 2) .097(6) 0.98(1) (52, 52) .0131(3) 2.20(3)
(3, 3) .20(2) 0.86(1) (51, 52) .0138(2) 2.21(2)
TABLE I. Fit parameters for the assumed exponential fitting
form (1) for Abelian and non-Abelian models. The labels
Γ are grouped by conjugacy class first and then symmetry
(i.e, the first and second element represents a conjugacy class,
and the whole (γx, γy) label represents one or more equivalent
conjugacy classes). For example, elements in the labels of
sectors for the S3 and A5 simulations are the order of the
conjugacy class (A5 conjugacy classes 51 and 52 are related
by an outer automorphism) and the symmetry grouping is
exchange of x-y ordering, whereas the elements of labels for
the Z2 × Z2 model are a for any of the three non-identity
elements of that group, and (a, a′) when γx and γy are not
the same element.
Defect Pair Distributions: The constraint (C2) gener-
ates non-trivial local correlations. We expect to see ex-
ponentially decaying correlations in the topologically or-
dered models and power law correlations in the Z5 model.
For our topologically ordered models, the defects are de-
confined at large distances, but have considerable inter-
actions at short ranges.
The distribution function Fδ,δ′(r) of the distances be-
tween any two defects δ, δ′ defines an effective entropic
potential Vδ,δ′(r) via
Fδ,δ′(r) = F0 exp (−Vδ,δ′(r)) . (3)
For the Z5 model, we may only have defects of charge
±2, and furthermore it is known that these defects be-
have like Coulomb charges in two dimensions [12, 24].
The free energy due to their interaction is logarithmic
[25]
Vδ,δ′(r) = −δδ
′
2pi
κ ln(|r|), (4)
with κ = pi/6 as noted before [22]. Hence from (4) the
pair distribution follows the power law
F±2,±2(r) ∝ exp
(
−1
3
ln(|r|)
)
= |r|−1/3, (5)
where the exponent follows from δ = δ′ = ±2. Such
power-law behavior is indeed seen in the distribution
functions for the Z5 model shown in figure 3(a); the
3
fitted exponent (extrapolated to infinite system size) is
0.330(5), in agreement with the expected value of 1/3.
For topological liquids, exponentially decaying correla-
tions result in a potential which decays exponentially to
a constant (defects are deconfined). Figure 3(b) depicts
a rapid decay of defect pair correlations to a non-zero
constant, indicating deconfinement.
FIG. 3. (a) (log-log) the power-law defect pair distribu-
tion function F (r) for the only defect/anti-defect type in the
Z5{±1} model (+2 and −2) for many lattice sizes L. (b) (lin-
ear) the defect pair distribution function for the defect types
in the Z2 × Z2 model (only L = 24 displayed). Decay to a
non-zero constant indicates deconfinement. Note that each
of the three distinct but symmetry-related defect/anti-defect
pairs in the Z2 × Z2 model behave equivalently.
Analytical transfer matrix toy calculations [10] suggest
that the form of (3) ought to be a sum of exponentially
decaying terms
Fδ,δ′(r) = F
∞
δ,δ′ + F
0
δ,δ′ exp (−|r|/ξδ,δ′) . (6)
Fit parameters are given in table II for the models which
show the exponentially deconfined defect/anti-defect pair
distributions characteristic of topological order.
G S δ, δ′ F 0δ,δ′ ξδ,δ′
Z2 × Z2 Z2 × Z2 \ e (a, a) 0.09(2) 0.68(5)
S3 S3 \ e (2, 2) 0.03(4) 0.6(4)(3, 3) 0.01(1) 0.8(4)
TABLE II. The parameters for fits of defect pair distribution
data to the functional form (6) indicate exponential decay
to a constant background. Fits were also performed for the
A5 model, yielding roughly equivalent values (F
0
δ,δ′ ≈ 0.3,
ξδ,δ′ ≈ 0.9) for all 10 symmetry-related defect pairs.
Conclusions: Using a generalized definition of topo-
logical order, we have explored a new family of classi-
cal models which exhibit properties analogous to quan-
tum systems with quantum topological order: (1) topo-
logically robust partitions of massively degenerate en-
sembles, (2) finite size effects, (3) defect deconfinement
(in topological systems), and (4) mediated interactions
between charged defects. Elsewhere, we will also ex-
hibit (5) an ability to “tune” the number of degrees of
freedom to transition between topologically ordered and
quasi-critical states [19]. Further studies may illuminate
the nature of the interactions between defect/anti-defect
pairs, and test a proposed [10] dependence of defect pair
interactions on defect charge.
Our generalized height models expand the collection of
tractable models that realize topological order, in partic-
ular beyond the group Z2 and groups based on it. Vari-
ous sorts of quantum models could be constructed from
these models (either via the Rokhsar-Kivelson construc-
tion [26–28] or in a manner analogous to the Levin-Wen
“string-net” construction [29]). Whether the non-abelian
models contain anyonic defects depends on the phase fac-
tors assigned to the matrix elements in quantizing the
generalized height model in question.
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